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A b s t r a c t .  Necessary conditions for complex Hamiltonian systems to be integrable are consid- 
ered in connection with holonomy representations of the Riemann surfaces of solutions. They 
are concerned with analytic continuations of  solutions near those satisfying some non-resonance 
condition. We prove that if the system is integrable, there exists a system of local coordinates 
in which all Poincar~ maps associated with loops on the surfaces are solved explicitly. 

1. Introduction 

This paper is devoted to the study of analytic integrable Hamiltonian systems. In- 

tegrable systems are important research objects in the theory of dynamical systems, 

mathematical physics, etc., and they have been studied from various viewpoints. 

In this paper, we investigate the behaviour of solutions for integrable systems from 

complex analytic viewpoint. More precisely, we study the structure of analytic 

continuations of their solutions as functions of complex time. 

Let (M, g) be a complex symplectic manifold of even dimension 2n, i.e., 

M a complex manifold and a a holomorphic two form on M which is closed 

and nondegenerate. Let H: M -+ C be a meromorphic function on M. It 

defines a meromorphic Hamiltonian vector field XH by the relation a ( X n ,  .) = 

dH. The Poisson bracket of two functions F and G is defined by {P, G} := 

r  Let G 1 , . . .  ,Gk (k _> 2) be functions which are holomorphic in 

a domain [~ c M. They are said to be Poisson commuting (or in involution ) 

in f~ if { G i , G j }  -- 0 in f~ for all i , j  = 1 , . . .  ,k. We say that the vector field 
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XH is integrable in a domain fl if it possesses n Poisson cnmmuting integrals 

G 1 , . . .  , Gn-1, Gn = H which are holomorphic and functionally independent in 

f2. Here the n functions G 1 , . . .  ,Gn are said to be functionally independent in 

if n differentials dG1,.. .  , dGn are linearly independent on an open and dense 

subset of fl. 

Let t ~ Ct(z) E M be the local orbit of XH through a point z C M at 

t = 0 (i.e., r176 = z), where 'local' means that ~bt(z) is considered only for 

sufficiently small I tl >_ o. The orbit of XH through z is obtained by analytically 

continuing ~bt(z) maximally with respect to t E C, which leads to a so-called 

complete analytic function of t. It is in general a multi-valued function (mapping) 

of t E C and defines a Riemann surface F c M with the local coordinate t. 

We are interested in the structure of the Riemann surface F, especially in what 

restrictions are imposed on the fundamental group ~rl(F) when the vector field 

XH is integrable in a neighbourhood of r .  In order to approach this problem, we 

consider the holonomy representation of ~rl(F) described as follows. 

Let p be an arbitrary point on P and 7: [0, 1] ---, P a closed curve based at 

p (i.e., 7(0) -- 7(1) = p). Then there exists a unique curve oz: [0, 1] ---. C with 

a(0)  = 0 such that '7 is obtained by the analytic continuation of the local solution 

~b t (p) along a.  The analytic continuation along a gives rise to a map ~ a  which 

takes a point z in a small neighbourhood U of p to the end point of the analytic 

continuation of ~b t (z) along a. We note that p is a fixed point of ~=. Using this 

map ~ ,  we now introduce the Poincar6 map associated with the loop 7. To this 

end, we choose a local transverse section E to the vector field XH. Namely, E 

is a local complex submanifold of M of codimension 1 which contains p and is 

transversal to the vector field XH. Let ~r be the projection map which takes a 

point z E U to the intersection of r  with E. Then we define the Poincar~ 

map ~ by 

r  := ro CalE ' :  E' ---, E,  (1.1) 

where E'  is a subdomain of E such that p E E'  and ~ro Ca (E')  c E. Moreover, 

assuming that F c H-l(h)  and setting Eh :=  E M H-l (h)  and E~ :=  E'  M 

H-l(h) ,  we define the reduced Poincard map ~b'Y by 

r  :--- (1.2) 

It turns out that Eh (or E~) is a symplectic submanifold of dimension 2n - 2 

with the symplectic structure ale h and that ~'~ is a symplectic diffeomorphism 
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around the fixed point p. We can identify ~h and p with C 2n-2 and the origin 

z = 0 respectively and consider the map ~/,'~ to be r E Symp(C 2n-2, 0). Here, 

Symp(C2n-2,0) is the group of germs of holomorphic symplectic diffeomor- 

phisms in C 2'~-2 at the fixed point 0, which is the origin of C 2'~-2. Finally it 

is easily seen that r ----- q,'~' for any loop '7' homotopic to 7- Therefore we can 

define a representation of ~rl(r) = ~rl(P,p) by 

p: lrl(F,p) B [7] ~ r E Symp(C2n-2,0),  

where ['7] is the homotopy class represented by 7- The map p gives clearly a 

homomorphism from ~q(I', p) to Symp(C 2'~-2, 0) and we call it the holonomy 
representation of ~rl(P,p). The image p ( r l ( P , p ) )  is called the holonomy 
group of the orbit F. In w we shall discuss in more detail about the holonomy 

groups. 

Our purpose is to give necessary conditions for integrability of the vector 

field XH in terms of restrictions on the holonomy groups. Those conditions 

are concerned with special orbits satisfying the non-resonance condition defined 

below. 

Let P c H-l(ho) be an orbit of XH through a point p and "7 a loop on F 

based at p. Assume that the linear map Dr has no eigenvalue equal to 1. 

Here and in what follows, for a mapping f we denote by Dr(p) the derivative 

(linearized mapping) of f at a point p. Then there exists a family of fixed points 

Ph E ~h  of k l/~t satisfying Pho : P and depending analytically on the parameter 

h. These fixed points give rise to a family of orbits Fh through Ph and a family 

of loops 7h C Fh, depending analytically on h, with base points Ph such that 

7ho -=- 7 and r (Ph) = Ph. Here we assume that the parameter h runs over 

a neighbourhood V c C of ho and denote the family of orbits by {rh}v and 

that of loops by {Th}V. Since a map f E p(rr l (Ph,Ph ) ) i s  symplectic, the 

eigenvalues of Df(ph) occur in pairs ,~i, )~-1 (i = 1 , . . .  , n - 1) (see [1]). We 

say that the eigenvalues satisfy the non-resonance condition (or the fixed point Ph 
is said to be non-resonant) if the following condition holds : 

H )~v 5s 1 for all (kl , . . .  ,kn-1) E Z n-1 \ {0}. (1.3) 

We say that the loop family {Th}V is non-resonant if the eigenvalues of 

De% (Ph) are all distinct for any h E V and if they satisfy the non-resonance 

condition for some h E V. In this case, the fixed points Ph are non-resonant 
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generically for h E V. 

We shall show the existence of a system of local coordinates S" = (~, r/) with 

~, rl E C n-1 in which 

n--1 

V h = ( 0 , 0 ) ,  a l E h =  ~'~d~iAdrli (1.4) 
i=1 

and all elements of the holonomy groups p(~q(Fh,Ph) ) are in Birkhoff normal 

form defined as follows �9 

Definition. (i) Let G = G(g') be a holomorphic function (i.e., a convergent 

power series) in a neighbourhood of ~" = 0. It is said to be in Birkhoff normal 

form if it is actually a function of n - 1 variables ~ir/i only. 

(ii) A symplectic map f = f ( f )  is said to be in Birkhoff normal form if it is 

the time-1 map e x p X K  with Hamiltonian K = K(q)  in Birkhoff normal form. 

In the above, the map exp XK is obtained by setting t = 1 for the flow 

exp(tXK) of the Hamiltonian vector field 

~i= OK OK ( i= l , . . .  n - l ) .  art~' n~- a,~ 

When K is in Birkhoff normal form, wi :=  ~ir/i are integrals of this vector field 

and exp XK: (~, r/) ~ (~', r/') is written explicitly as 

~; ---- ~iexpCKwi), r/; = ~/iexpC-Kwi),  (i = 1 , . . .  , n -  1). (1.5) 

In particular, if the reduced Poincar6 map r  is in Birkhoff normal form, it has 

the form 

~ = A i ( i + . . . ,  r l ; - - - -Ai t~? i+ . . .  ( i = l , . . . , n - 1 ) ,  

where Ai, ,~-1  are  the eigenvalues of the linear map De% (Ph). 

Our result is the following 

Theo rem 1. Let {rh}V be the family of orbits of a Hamiltonian vector field 
XH through Ph E H-l(h) and let {Th}v be a non-resonant loop family 

with base points Ph. Assume that the vector field XH is integrable in a 

neighbourhood of {Fh} V. Then there exists an open and dense subset 

of V with the following property: for any h E V fixed, there exists, in a 
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neighbourhood of ph in ~h, a system of holomorphic local coordinates ( ~, ~7) 

satisfying (1.4) in which the reduced Poincar~ map dd~h is in Birkhoff normal 

form and furthermore thefoUowing holds for any mapping f E p(~q(rh,Ph) ): 

(i) The linear map fo := Df(ph): (~, r/) ---* (~',r}') satisfies the condition 

that for each i E {1 , . . .  ,n  - 1} either of the relations 

rl~ = c;lrid or rli' = -c~l~j  

holds for some j E {1 , . . .  , n - 1}, where Ci E C are constants. 

(ii) Let G be a holomorphic integral of X n  in a neighbourhood of rh. Then 

the function GI~ h is in Birkhoff normal form. Moreover it is invariant 

under the linear map fo as well as under f.  

(iii) The map f := folo f is in Birkhoff normal form. 

In the above, we consider the family { rh}v  as the point set constituting 

a local complex manifold of dimension 2. Theorem 1 implies the existence of 

coordinates (~, r/) in which the nonlinear part of every map f E p(~rl(ra ,ph)  ) 

can be solved explicitly. It is a nonlinear version of Ziglin's theorem [12]. The 

assertion (i) above is the same as Ziglin's theorem. Ziglin considered a linear 

representation defined by analytic continuations of solutions for the variational 

equation (linearized equation) along the orbit of XH. In other words, Ziglin's 

theorem corresponds to the linear part of our theorem and it does not contain 

anything about the Birkhoff normal forms. This connection between our result 

and Ziglin's one will be discussed in more detail in w (c). Also our results 

complement those in [5] which dealt with the behaviour (for real time) of solutions 

for real analytic integrable Hamiltonian systems. To avoid repetitions, we make 

use of several technical details that appear in [5]. A main tool is the convergence 

proof of Birkhoff's normalization in [4], [5]. 

Although our primary interest is in the structure of orbits of a Hamiltonian 

vector field, the results can be formulated in more general form concerning orbits 

of several commuting Hamiltonian vector fields. Here an orbit of several com- 

muting Hamiltonian vector fields will be defined precisely in w (a) and it will 

tum out that the orbit of k commuting vector fields is a k-dimensional complex 

manifold, which is a generalization of a Riemann surface in the case of an orbit 

of one vector field. We shall give the definition of the holonomy group for the 



100 HIDEKAZU ITO 

orbit of k vector fields in w (b). In w after consideration about the existence 

of a family of loops (w (a)), we shall reformulate the main result as Theorems 

2 and 3 which include Theorem 1 as the special case k = 1. Being technically 

different from Theorem 1, Theorems 2 and 3 will be formulated as those asserting 

the existence of symplectic coordinate system in a neighbourhood (in M )  of Ph. 

The reason why we take the subset V of V in Theorem 1 will be clarified there. 

Moreover we shall illustrate our results with a simple example in w (d). We 

shall prove Theorems 2 and 3 in w and w 

2. Holonomy groups of orbits of several commuting vector fields 

In this section, we will consider an orbit of k commuting Hamiltonian vector fields 

and will define its holonomy group. Throughout this paper from now on, we let 

(M, ~r) be a complex symplectic manifold of dimension 2n and let H I , . . .  , Hk 

be k meromorphic functions on M. Although the functions H I , . . .  , Hk are 

assumed to be meromorphic on M,  our consideration will be done only in a 

domain of M where H I , . . .  , Hk are holomorphic. We assume that H I , . . . ,  Ht, 

are Poisson commuting and functionally independent in the domain of M.  

First we will clarify the meaning of orbits of several commuting vector fields. 

(a) Definition of an orbit of k commuting vector fields 

Let p E M and assume that H I , . . . ,  Hk are holomorphic at p and that k dif- 

ferentials d i l l , . . . ,  dHk are linearly independent at p. We denote by ~b~ the 

flow of the Hamiltonian vector field XHi. For t = ( t l , . . .  , tk) ~ C k with 

Itl :=  maxi Itil _> o sufficiently small, we set 

t k 
: =  k ( p ) .  

Here ~b t (p) can be represented in a local coordinate system as a power series in 

t l , . . .  ,tk which is convergent in a polydisk Itl < 8, and it is called the local 

solution of k vector fields XH1, . . .  , X B  k through p E M. Taking the constant 

8 as large as possible, the polydisk Itl < a will be called below the domain 

of convergence of the local solution q~t(p). Since ~bt~,... ,~b? commute in a 

neighbourhood of p, q~t(p)is independent of the order of ~btx,... ,~b? in their 

composition. 
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We define an orbit of k vector fields X H I , . . . ,  XH k as the point set in 

M obtained by analytic continuations of this local solution maximally. Analytic 

continuations of r are defined along continuous curves on C k as follows: Let 

a:  [0, i] ---+ C k be a continuous curve parametrized by 8 and satisfying a (0)  = 

0 E C k. Then we can continue analytically the local solution ~t(p) along a in the 

following way. If la(s)l  _> o is sufficiently small, we define the point ~ ( a ( s ) ; p )  

by 

~,(aCs);p) :=  ~C')Cp ). 

Next, let 0 < 81 < 1 and assume that fll = a ( s l )  is contained in the domain of 

convergence of ~b t (/9). Then one can consider the local solution of X H , , . . .  , XH k 
through ~ * ( p )  and therefore we define the point ~ ( a ( s ) ; p )  for s > 81 by 

~ ( a ( s ) ; p )  :=  ~,a(,)-#~(~b~(p) ). Further we can define inductively the point 

~ ( aCs ) ;p )  ~ Mby 

~ ( a ( s ) ; p )  = ~Noq~#N-'o . . .  o ~b~(p) (2.1) 

with 

~ := ~ ( 8 ~ )  - ~ ( 8 ~ - 1 ) ,  o = 8o  < 81 < 82  < - . -  < 8 N  = 8 ,  

where H 1 , . . .  , Hk are assumed to be holomorphic at points ~(o~(8i); p) and for 

every i = 1 , . . .  , N ,  fli is contained in the domain of convergence of the local 

solution through ~b ~i-1 o - . .  o q7 ~1 (p). If this procedure is possible up to 8 = 1, it 

is called the analytic continuation of the local solution ~b t (p) along c,. Let 

c(v) : =  [o, 1] --, c k l  = is continuous in s e [0, 1], a (0 )  = 0 

and # ( a ( 8 ) ;  p) is well defined for all 0 < 8 < 1 }. 

Then the orbit I' of k vector fields X H 1 , . . . ,  XH k through p is defined as 

r :-- U MIO < 8 < 1}. 
~C(p) 

Here P is independent of p in the following sense: If p' is an arbitrary point 

on P, then the analytic continuation of the local solution through 1o' gives rise to 

the same orbit as r .  For every point z E I', there exists a unique local solution 

~t(z) for t E C k with It I ___ o sufficiently small. Since qbt(z) gives a one-to-one 

correspondence between a neighbourhood of z in 1" and a neighbourhood of t ---- 0 

in C k, the orbit I' is a k-dimensional complex manifold with the local coordinates 
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t = ( t x , . . .  , tk). One can easily see that d i l l , . . .  , dHk are linearly independent 

at every point on I" (see [[5], Proposition 2.1]). 

(b) Definition of  the holonomy group 

Let us now define the holonomy group of the orbit r of k vector fields defined 

above. In what follows, we let p be an arbitrary point on r .  We assume that 

P C  H - l ( h )  ; H := ( H 1 , . . .  ,Hk ) ,  h E C  k. 

To any closed curve (loop) '7: [0, 1] --, I" based at p (i.e., "7(0) =- '7(1) = p), 

there corresponds uniquely a curve o~: [0, 1] --, C k with or(O) = 0 such that '7 is 

parametrized as 

7 ( s ) = ~ ( c ~ ( s ) ; p )  ( s  E [0,1]).  

The analytic continuation along c~ defines a mapping 

Here z is assumed to be in a small neighbourhood of p and ~(c~(1); z) is the 

end point of the analytic continuation of the local solution ~t(z )  along a.  Since 

the vector fields X H  i are hamiltonian, ~ "  is symplectic, i.e., ( ~ a ) * o  = o. 

In fact, if we set /~i = ( /~t , f l~ , . . .  ,/~/~) in the expression (2.1), the map (~r~ 
#.1 .#~, 

o 1 .- ~)/~ ) can be expressed as 

k 

:,  = e x p  w i t h  = 

since the vector fields X H 1 , . . .  , X H  k commute locally. Here the time 1 maps 

~b#i are symplectic and therefore the composition ~ a  is symplectic. 

Let ~ be a local complex submanifold of M of (complex) codimension k 

such that ~ ~ p and 

T p M  = Tp~ ~ span  (X~r~ (p), �9 .. , X H  k (p)). (2.2) 

We call ]Da transverse section to the k vector fields XH~ , . . . , X~I k at p. By the 

transversality (2.2), for a small neighbourhood U of p we can define the projection 

map ~r by 

~r: U ~ z -- ,  ~'(z)  : =  ~ n {r lCt(z) ~ U ( I t l :  small)}.  
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Then in the same way as in w we can define the Poincar6 map k~ "~ and the reduced 

Poincar6 map ~,'~ by (1.1) and (1.2) respectively. Here E h = E N H-l(h) with 

H = ( H 1 , . . .  , Hk) is a symplectic submanifold of dimension 2n - 2k with the 

symplectic structure ~rlEh and the map ~b'~ gives a symplectic diffeomorphism 

around a fixed point p (see [[5], Lemma 3.1]). Consequently the map ko'~ can be 

considered as a family of parametrized symplectic diffeomorphisms. 

In the above, the choice of E'  depends on the loop 7. For example, if we 

consider a composition 7 '~ with large n in place of 7, then E'  would have to 

be chosen very small. By this reason, we consider the mappings k0"~ and ~b "~ as 

�9 "~ E Diff(E,p)  and ~b'~ E Symp(Eh,p)  respectively. Here, Diff(E,p)  is the 

group of germs of holomorphic diffeomorphisms in E at the fixed point p, and 

Symp(Eh,  p) is the group of germs of holomorphic symplectic diffeomorphisms 

in Eh at the fixed point p. In what follows, we will use the same notation as these 

to denote groups of germs of holomorphic (symplectic) diffeomorphisms at a fixed 

point. Introducing local coordinates, we can identify the groups Diff(E,p)  and 

Symp(Eh ,p)  with Diff(C 2n-k, 0) and Symp(C 2n-2k, 0) respectively, where we 

consider C 2n-2]~ as a symplectic manifold with the standard symplectic structure 
r~-k  

= ~ d~i A dr]i. The mappings k~ "r and r are independent of the choice 
i = l  

of the transverse section E. In fact, if we introduce a special coordinate system 

(u, v, (, 77) satisfying (3.1) below, then one can easily see that the expressions of 

~-t and g,'~ in this coordinate system are independent of the choice of E. 

If 7' c I" is another loop homotopic to 7 with the base point p, the corre- 

sponding curve a '  c C k is also homotopic to a with the same endpoints. From 

the local single-valuedness of the solutions it follows that ~'~ = ~ ' /  and hence 

r = r We define a representation of ~-l(r,p) by 

p:rl(P,p) B [7] ~-~ 9 "/ E Symp(Eh,p) .  

Clearly the map p gives a homomorphism from ~rl(F,p) to Symp(Eh,p) .  The 

map p is called a holonomy representation of ~rl(I',p) (or of P ) and the image 

p( 7rl(I', p) ) is called the holonomy group of I'. The holonomy group is indepen- 

dent of the choice of the base point p as well as that of the transverse section E in 

the following sense : Let ~b E I" and f3 (9 ib) be another pair of a base point and a 

transverse section and let ~b: ~r(r,/3) ~ Symp (E~,~b) be a representation which 

is defined in the same way as p. Then 7rx(r,p) and ~rl(r,~) are isomorphic and 

we note that there exists a curve a: [0, 1] ---, C k connecting p and ib. The map 
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~'~ induces a local symplectic diffeomorphism from a neighbourhood of p in Eh 

into a neighbourhood of ib in En. Therefore the holonomy groups p ( r l ( F , p )  ) 

and ~b(~rl(P,/3) ) are conjugate via the local diffeomorphism. 

3. Statement of the resu l t s  

We will state the results for orbits of k commuting vector fields. The main results 

will be formulated as Theorems 2 and 3 in subsection (b) and it will, turn out that 

Theorem 1 is a corollary of Theorems 2 and 3. We will use the same notation as 

in the previous section. 

(a) Existence of  a family of  fixed points of  krt'~ and a special local coordinate 

system 

Let F be the orbit of k commuting vector fields XH1, . . .  , X H  k through a point 

p and assume that 

P c H - l ( h o )  with h o E C  k. 

Let us consider the Poincar6 map ~'~ associated with a loop 7 E F based at p.. 

We first claim that fixed points of q't  in E form a holomorphic curve under a 

nondegeneracy condition. 

Proposition 1. Assume that the linear map Dr has no eigenvalue equal 

to 1. Then there exists a unique family of  fixed points Ph E ~ h  o f  qd ~t such 

that Pho = P and Ph depends on h close to ho analytically. 

This is easily proved. In fact, let us consider the equation ~' t(z)  = z in a 

neighbourhood of p and note that det  (Dr  - I ) ~ 0 under the assumption. 

Then, by the implicit function theorem we obtain a unique family of fixed points 

z = Ph  of  ~ ' t  stated above. [] 

We can easily see that there exists a curve an: [0, 1] ~ C k depending on h 

continuously and satisfying 

 h(o) = o ,  , ho = = 

Hence there exists a family of closed curves 

[ o , 1 ] ) .  

The statement of Proposition 1 is local. Namely the parameter h is re- 
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stricted to a small neighbourhood Vho of ho. Applying Proposition 1 to the map 

g,'Yh with h E Vho, we can also continue the family of curves {OLh} (or loops 

{Oh} ) to a family with parameter h running over a neighbourhood of ho larger 

than Vho. We denote by V the neighbourhood of ho where the parameter h runs 

over and denote by {"Th}V the family of loops "Th. However the size of V will 

not be important for our purpose. Therefore we will not necessarily take V as 

large as possible for the formulation of our main results. 

Definition. Let r be an orbit of k vector fields X H x , . . .  , XHk. A loop "7 C r 

is said to be nondegenerate if the assumption of Proposition 1 is satisfied. The 

family of loops {Th}v described above is called a nondegenerate loop family 
with base points Ph. 

Let {"/h}v be a nondegenerate loop family with base points Ph and let r h  be 

the orbit of XHa, . . . ,  X x  k through Ph. We have a family of orbits { rh}v  := 

{rh:  h E V} such that 7h c Ph. For any h E V fixed, we consider the holonomy 

representation 

p: ~rl(rh,ph) --' Symp(~h,ph) .  

The definition of the representation p implies that P(['Th]) = ~b'fh( = ~'Yhl~h ). 

Our results will be concerned with the holonomy groups p(~rX(rh,Ph) ) in the 
case when the vector fields Xtt l , . . .  , XH k are integrable, and the loop family 

{Th}v will play a key role for their formulation. 

Let us consider mappings belonging to Diff(~,ph) or Symp()2h,ph ) in a 

special coordinate system. For any h E V fixed, it is easily verified that in 

a neighbourhood of Ph there exists a system of local symplectic coordinates 

(u, v, ~, ~/) with u, v, E C k and ~, r /E  C n-k such that 

k m 

H = v ,  tr=~-~au, Aaviq-)--~deiAdr~i ( r n = n - k )  (3.1) 
i = 1  i = 1  

and 

= (0,,,,0,0). (3.2) 

For the proof of this fact, we refer to the proof of [[5], Proposition 4.1]. In this 

coordinate system, we define the Iransverse section ~3 by 

e = o}, 
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where U is a neighbourhood (in C 2n) of Ph ----- ( 0 ,  h,0 ,0) .  Then ~h is given as 

= v I , ,  = o ,  

Let G be an integral of X H t , . . . ,  Xx~ and assume that it is holomorphic in 

a neighbourhood of Ph. Then we have identifies {G, Hi} -- O, equivalently 

aG/Oui -- O. Hence G is a function of v, ~, r /and we write it as G = G(v, f) 

with f = (~, r/). We consider the Poincar6 map ~'Yh as ~'lh E Diff(C ~n-k, zh), 

where zh = (h, 0) with coordinates (v, f). Then ~'Yh can be written as 

) = ( 

where 9~h := 9"~hl]~,:~, .._, ]~v and it is a symplectic diffeomorphism. We 

note that Pv is a fixed point of ~ h  for any v. More generally, for any loop '7 on 

I' with the base point Ph the Poincar6 map F := ~'Y can be written as 

FCv, f ) = (v,  f ( , , , f ) ) ,  (3.3) 

where f(v,~) E C 2n-2k is a holomorphic vector function of v and f in a neigh- 

bourhood of (v , f )  = (h,0)  such that f(h,O) = 0. It is to be noted that 

f (v ,  0) # 0 for v # h in general, namely Pv is not necessarily a fixed point 

of ~ .  

The representation p can be viewed as 

p: lrl(Ph, Ph) ---* Symp(C ~n -~ ,  0) 

and any map f E p(~rl(Fh,ph)) can be written as f'  = f ( f )  defined in a 

neighbourhood of a fixed point f = 0. For f E p(~q(I 'h ,Ph) ), let us decompose 

it into its linear and nonlinear parts as follows : 

f =  f0o? ;  f o ( f ) - D f ( 0 ) f ,  ? ( f ) = g + O ( l ~ l * ) .  (3.4) 

Here Dr(O) = Df(ph) in the previous notation and O(t~[ 2) denotes a vector 

function of r whose components are convergent power series in f containing only 

terms of order _> 2. 

By using the above coordinate system, we can prove 

Proposition 2. Let I ~ c H-X(h) be an orbit of  k vector fields X n x , . . .  , XH k 

containing a nondegenerate loop. Then, for any integral G of X x x , . . .  ,XH k 
which is holomorphic in a neighbourhood of r, its derivative dG is linearly 

dependent on d i l l , . . . ,  dHk at every point on the orbit P. 
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Proof,  Let 7 be a nondegenerate loop on I' and ~b "r the reduced Poincar6 map 

associated with 7- Let p be an arbitrary point on "7 and (u, v, ~, r/) coordinates in 

a neighbourhood of p satisfying (3.1) and (3.2). By assumption, G = G(h, f) is 

invariant under ~b "~ and therefore G( h, q/t(~) ) = G(h, f). Noting that ~b'~(0) --- 

0, the differentiation of this identity with respect to f yields 

OG (h,O)= OG h -b-T( ,o1, 
where t( ) denotes the transposition of a matrix. If aG/c~(h, O) ~ O, this implies 
that De ' t (0)  has an eigenvalue equal to 1. It contradicts the assumption that "7 

be nondegenerate. Therefore the following relation holds at the point p: 

k 

dG = ~ cidHi for some vector c = (c1, . . .  ,ck) E C k . (3.5) 
i = 1  

Since XHi = O/Oui and G is independent of u in the neighbourhood of p, the 

relation (3.5) holds with the fixed constant vector c along the part of I' contained 

in the neighbourhood of p. Moreover by successive use of the same coordinate 

system as above, one can see that the relation (3.5) holds along the whole orbit 

P. This completes the proof. [] 

Let {"Th}V be a nondegenerate loop family and {rh}V the family of orbits 

such that "Th C I'h. Then it follows from Proposition 2 that for any integral 

G of XH1,... , XB k the relation (3.5) holds everywhere on the family {Ph}V, 
where the constant vector c depends only on h. In view of integrable systems, 

this indicates a special property of the orbits considered above. 

(b)Main results 

To state the results, we begin by preparing some definitions. Let us consider the 

loop family {Th}V associated with a nondegenerate loop '7 = 7ho- 

Definition. A nondegenerate loop family {'7h}V with base points Ph is called 

a non-resonant loop family ff the eigenvalues of D~"th (Ph) are all distinct for 

any h E V and if they satisfy the non-resonance condition for some h E V. 

Here, since the map ~b'th is symplectic, the eigenvalues of D~b'th (Ph) occur in 

pairs Ai, A~ -1 (i = 1 , . . .  ,rn; rn = n - k) (see [1]). We say that the eigenvalues 

satisfy the non-resonance condition (or we say that the fixed point Ph is non- 

resonant) if condition (1.3) holds with n - 1 replaced by m. For a non-resonant 
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loop family, the fixed point Ph is non-resonant for any h belonging to a residual 

subset of V (see [[5], Lemma 5.2]). In other words, the fixed points are generically 

non-resonant. 

Our results will be obtained through normalization of the map ~'~h. It is 

well known that if the eigenvalues of the derivative Dkl~h(O) satisfy the non- 

resonance condition, there exists a formal symplectic transformation which takes 

~ h ( =  ~PUh(v, .)) into Birkhoff normal form. To prove the convergence of this 

transformation, we involve the so-called small divisor problem and we have di- 

vergence in general. Furthermore it is not possible in resonant case to find the 

transformation even formally. However in our situation associated with integrable 

systems, we can prove the existence of a convergent symplectic transformation 

which takes kO~ h into Birkhoff normal form for any v. This is the content of The- 

orem 2 below. In order to state the results, we introduce the following definition. 

Definition. (i) A holomorphic function G = G(v, f) is said to be inparametrized 
normal form if it is in Birkhoff normal form for each v fixed. 

(ii) A map F E Diff(C 2n-k, zh) is said to be in parametrized normal form if it 

has the form (3.3) with f(v, f) being in Birkhoff normal form for each v fixed. 

We introduce a further definition. Let G(v, f) be a convergent power series 

in f around f = 0 with coefficients holomorphic in v. It can be written in the 

form 

G = G ( v , O ) + G ~  G~ ~ 0, (3.6) 

where Gd(v, f) (d = 0, 1 , . . .  ) are homogeneous polynomials in f of degree 

s + d with coefficients holomorphic in v. The integer s > 1 is the degree of the 

polynomial G~ f) in f. We call the function G~ f) the lowest order part 
of G. 

To obtain the result, we assume that there exist m functions Gi (i = 1,... ,m) 
holomorphic in a neighbourhood of { rh}v  such that the following two conditions 

are satisfied : 

[C.1] {Hi,Gj) -- 0 for all i , j  ; 

[C.2] In a neighbourhood of Ph with coordinates (u, v, ~, r/) satisfying (3.1) 
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and (3.2), the lowest order parts of Gi = Gi (v , ; )  (i = 1 , . . .  ,m)  are 

functionally independent functions of g for v = h fixed. 

Here, condition [C.1] implies that Gi are integrals of XH~, . . .  , XHt ,. More- 

over condition [C.2] includes that v l , . . .  , vl, and G 1 , . . .  ,Gin are functionally 

independent functions of v and ~ and consequently H1,.  �9 �9 , Ht, and G1, . .  �9 ,Gm 

are functionally independent in a neighbourhood of {I'h}v. Conversely it will 

turn out that the functional independence of H1 , . . .  , HI, and G 1 , . . .  , G,~ almost 

implies condition [C.2] (see Proposition 3 below). 

Now our results are stated in the following two theorems. 

Theorem 2. Let {Ph}v be the family of orbits of k commuting vector fields 

X~t l , . . .  ,X~z k through Ph E H- l (h )  and let {~lh}v be a non-resonant loop 

family with base points Ph. Assume that there exist m ( =  n - k) functions 

Gi (i = 1 , . . . ,  m) holomorphic in a neighbourhood of {Ph}v and satisfying 

conditions [C.1] and [C.2] for some h E V fixed. Then, in a neighbourhood 

of  p h there exists a system of holomorphic local coordinates (u, v, ~, )7) with 

u, v E C k, ~, )7 E C m in which the following holds together with (3.1) and 

(3.2) : 

(i) The Poincard map ~ h  is in parametrized normal form. 

(ii) Any holomorphic integral of XH~, . . .  , XH k in a neighbourhood of Ph 

is in parametrized normal form. 

Next we consider arbitrary mappings belonging to the holonomy groups 

p(~l(r , , ,p,~) ) with v sufficiently close to h. 

Theorem 3. Assume the same hypothesis as in Theorem 2 to be satisfied. Let 

v E V be fixed arbitrarily in a sufficiently small neighbourhood of h. Then, in 

the coordinates introduced in Theorem 2, the following holds for any mapping 

/ pC  lcr ,po)) : 

(i) The linear map fo := Df(p~): (~,)7) ~ (~',)7') satisfies the condition 

that for each i E {1 , . . .  , n - 1} either of the relations 

{ ,~--=ei , ,  { ~ = el)T, 
, o r  (3.7) 

holds for some J E {1 , . . .  , n  - 1}, where ci E C are constants. 
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(ii) Let G be a holomorphic integral of  X x x , . . .  , X x  k in a neighbourhood 

o f  Fv. Then the function Gl~v = G(v, .) is invariant under the linear 

map fo as well as under f . 

(iii) The map f := fo lo  f is in Birkhoff normal form. 

Remarks .  (i) In the above, it is not assumed that G 1 , . . . ,  Gra are in involution. 

However that condition is hidden behind the assumption that the family {Tn}v 

be non-resonant. Actually the assertion (ii) of Theorem 2 implies that they are 

in involution. Hence the vector fields X~r i are integrable in a neighbourhood of 

{Fh}v under the assumptions of Theorem 2. 

(ii) The assertion (i) of Theorem 3 is independent of coordinates. Namely we 

can also claim as follows: Let El and Fi be the eigenspaces of Dr 

corresponding to the eigenvalues Ai and A~ -1 (i = 1 , . . .  , m) respectively. Then 

the linear map A := Df(pv)  satisfies either of the following condition (a) or 
(b). 

(a) AEi = E i and AFi = Fj for some j E { 1 , . . . , m } ,  

(b) AEi = F i and AFi = Ej for some j e { 1 , . . . , m } .  

(iii) Let F := ~'t  E Diff(E,ph) be the Poincar6 map associated with a loop '7. 

Then it follows from Theorem 5.6 of [5] that F is also in paramelrized normal 

form if F and ~'~h commute. (In [5], we called it simply 'normal form' in place 

of 'parametrized normal form' in the present paper.) This is a special case of 

Theorem 3. 

Theorem 1 is a corollary to Theorems 2 and 3. It is due to the following 

Proposi t ion 3. Let G1, . . . ,Gm be holomorphic functions in a neighbourhood 

of  {I'n}v satisfying two conditions [C.1] and 

[C.3] I t1 , . . .  , Ilk and G1, . . .  ,Gin are functionaUy independent. 

Then for any h E V jixed, there exist a neighbourhood Vh( c V) of  h and m 

functions G1, . . .  ,Gin holomorphic in a neighbourhood of {I'v}v h such that 

the following condition holds together with [C.1] (for Gi replaced by Gi) : 

[C.4] There exists an open and dense subset Vh of  Vh such that the lowest 

order parts G~ (i = 1 , . . .  ,m) are functionally independent 
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functions of ~ for any v E P'h fixed. 

We will prove this proposition in the next section. If we assume that 

G1 , . . .  ,Gm satisfy conditions [C.1] and" [C.3], then by Proposition 3 there exists 

an open and dense subset V" of V such that condition [C.2] holds for any h E V 

and hence the conclusions of Theorems 2 and 3 hold. In particular, Theorem 1 

follows from Theorems 2 and 3. 

As we stated after Proposition 2, the family of orbits {l"h}V has the special 

property that 

r a n k ( d H 1 , . . . , d H k , d G 1 , . . . , d G m ) = k  on {Fh}v,  

where H1,... ,Hk and G1 , . . .  ,G,.~ are n integrals of XH1, . . .  ,XH k given 

in the assumption of Theorem 2. This implies that the family {Fh}v forms a 

complex manifold of dimension 2k which constitutes singularities of rank k of the 

map F = (H1 , . . .  ,Hk,G1, . . .  ,G,~):i2 ~ C n, where f2 is a neighbourhood 

of {rh} V. Theorem 2 shows, roughly speaking, that for integrable systems lo- 

cal diffeomorphisms defined by analytic continuations near such singularities are 

essentially determined by their linear parts. 

(c) Connection between Theorem 1 and Ziglin's theorem 

We briefly discuss the connection between our results and Ziglin's theorem [12] 

(see also [6]). Our results can be considered as a nonlinear version of Ziglin's 

theorem dealing with monodromy representation of one orbit I' for a Hamiltonian 

vector field XH. The Riemann surface I" is assumed to contain a loop "7 such that 

the fixed point p of the associated reduced Poincar6 map is non-resonant. More 

precisely, Ziglin did not consider the Poincar6 map but analytic continuations 

of solutions for the (reduced) normal variational equation (linearized equation) 

along I'. The analytic continuations are associated with loops on P and induce 

transitions between the systems of fundamental solutions. It gives rise to a linear 

representation ~: r a ( r , p )  ~ GL(2n - 2, C). The image ~(~r l ( r ,p)  ) is called 

the monodromy group and its element is called a monodromy matrix. The matrix 

P([7]) corresponds to the linear mapping Dr (r = 0(['7])) in our case, and 

the eigenvalues of P([7]) are the same as those of O r  "t. 

Ziglin's theorem gives a necessary condition for the existence of meromor- 
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phic integrals of XH under the assumption that the eigenvalues of some mon- 

odromy matrix satisfy the non-resonance condition. The necessary condition is 

the same as condition (i) of Theorem 1. Conditions (ii) and (iii) are new ones 

which are not contained in Ziglin's theorem. As we shall see in the proof (w 

condition (i) is obtained from the invariance under fo of the lowest order parts 

G~ ~). Condition (ii) implies that all homogeneous parts in the expansion of 

Gi are invariant under the linear map Df(ph). It means strong restrictions on 

Df(ph) in addition to (i). 

Clearly our main result, Theorem 1, can be considered a generalization of 

Ziglin's theorem. However there are some distinctions between the formulation 

of our result and that of Ziglin. Namely, Ziglin's theorem is concerned with one 

orbit r containing a loop v for which the non-resonance condition holds. Our 

result is concerned with a family of orbits {I'h}v, stating a necessary condition 

for the existence of holomorphic (not meromorphic) integrals for any h 6 V, 

being an open and dense subset of V. Notice that there exists in general a dense 

subset V' of V such that for h e V', Ph is a resonant fixed point of ~bvh, i.e. 

condition (1.3) fails. Nevertheless, our result implies that an assertion similar to 

that of Zigtin's theorem holds true also for these parameter values. 

Ziglin's theorem is useful for proving non-integrability of specific systems, 

and there appeared many papers concerning its application (see survey papers [7, 

11] and also [2, 3, 9, 10, 13] for details). In order to apply Ziglin's theorem, it is 

a key point to find a special solution which can be written more or less explicitly 

(such as elliptic functions, etc.) so that the eigenvalues of monodromy matrices 

can be known via the corresponding variational equation. Since we deal with 

more general non-linear monodromy, similar applications seem more difficult in 

this case. 

(d) An example 

Finally we will give an example to illustrate our results. Let us consider a Hamil- 

tonian system 

OH OH 
c1,= Op i, Pi-- Oqi ( i = 1 , 2 )  (3.8) 
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with Hamiltonian of the form 

1 2 H(q,p) = ~(Pl  + p2) q_ U(ql, q~) ; 

1 3 U(ql,q2) = 2(Aq2 + Bq 2) q-Cq21q2 q-- ~Dq2, 

where A, B,C, D are real constants. It depends on the values of A, B, C, D 

whether this system is integrable or not. For example, a criterion based on Ziglin's 

theorem shows that if A = B(:~ 0), the system is integrable in the whole phase 

space C 4 only when C/D = O, 1/6, 1/2, 1 (see [3]). Among them, the cases 

C/D - 0, 1/6, 1 are actually known to be integrable (see [8]). The cases 

C/D = 0, 1 are trivial ones which are reduced to separation of variables by a 

linear symplectic transformation. Let us consider the nontrivial case C/D -- 1/6, 

for which the system is integrable for any choice of A and B (A r B in general) 

with an additional integral 

G(q,p) = (4A-B)(p2+Aq2)+4C(Aq21q2-pl(plq2-p2ql)}+C 2(ql +4qlq2) 2 2 

In what follows, we will illustrate Theorem 1 with this simple example. We 

note that, if we set ql = Pl = 0, the system (3.8) is reduced to the system with 

one degree of freedom. Its phase curve is given by 

1 2 
~p~. + U(0,q2) = h, (3.9) 

where h is the energy parameter. This is solved for q2 as an elliptic function of 

t E C. To illustrate the non-resonance loop family, let us assume that B > 0. The 

origin (q,p) = (0, 0) is an equilibrium point with the characteristic exponents 

+x/Z--A and -4-x/-Z-B. Therefore the solutions (3.9) with ql ---- PI = 0 give rise 

to a family of real periodic orbits 7h E H - 1  (h) for t E R bifurcating from the 

origin, whose periods tend to 2~r/v/B as h ~ +0. This family corresponds to 

the one whose existence is established by Liapunov's theorem [1] provided that 

v/'A/B is not an integer. 

In view of our theory, it defines a loop family {"[h}V with 'Th C r h C 

H-l(h), where Fh is the analytic continuation of 7h- Here we may consider 

V to be extended to a complex domain. If v/'A/B is not a rational number, it 

is a non-resonant loop family because the Floquet multiplies of 7h converge to 

exp(2~riv~/A) as h ~ +0  (see [[3], Proposition 1]). Hence Theorem 1 is 

applicable. In this case, the orbits (3.9) are doubly periodic function of t and the 

Riemann surfaces I'h are homeomorphic to a punctured tori of dimension 2 (with 
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one point removed which corresponds to the pole in the t-plane of the solution). 

Ziglin's theorem, i.e., the assertion (i) of Theorem 1, implies that the linear parts 

of the reduced Poincar6 maps associated with the two independent periods, one 

of which is that of "/h, commute or permute (see [[3], Theorem 1]). Also, the 

assertions (ii) and (iii) of Theorem 1 are valid for any h E r~, ~- being an open 

and dense subset of V. 

4. Proof of Theorem 2 

Theorem 2 is already proved in [[5], Theorem 5.6] in different situation. In this 

section, we give a brief review of its proof. It plays a role of preliminaries for the 

proof of Theorem 3. Also we will prove Proposition 3 at the end of this section. 

Let {"/h}V be the non-resonant loop family given in the assumption of Theo- 

rem 2. We consider all functions locally in the coordinates (u, v, ~, r/) introduced 

in w (a) in a neighbourhood U of Ph = (0, h, 0, 0). Let us expand functions 

Gi = Gi(v, ~) in the form (3.6) and assume that the coefficients are holomorphic 

functions of v in a sufficiently small neighbourhood Vh of v = h. 

For any v E Vh, Gil~v = Gi(v, .) are integrals of the reduced Poincar6 

map r and hence we have 

= 

Then comparison of the lowest order parts gives 

G~162 f ) : G~ (4.1) 

Since the eigenvalues of D e  "~~ (Pv) are all distinct, we can choose the coordinates 

(u, v, ~, r/) so that 

Dr = diag(Al(V), . . .  ,Am(v),A~'I(v), . . .  ,A~'(v))  (4.2) 

(see the proof of [[5], Proposition 6.1]). We recall that the fixed points Po are 

non-resonant for any v belonging to a residual subset of Vh. Therefore from the 

identity (4.1) with (4.2), one can easily see that G~ are polynomials of rn 

variables wj : ~j~/j with coefficients holomorphic in v. Consequently condition 

[C.2] implies that for any v E Vh fixed the following holds : 

det  ~, c9w1 ] ~ O. (4.3) 
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Theorem 2 follows from Theorem 5.6 of [5]. Actually, Theorem 5.6 of 

[5] implies the existence of a system of holomorphic symplectic coordinates 

(u, v, ~, r/) in which the assertion (i) holds. Also the theorem shows that a func- 

tion of v and f is in parametrized normal form if it is invariant under ~I,'Yh. Since 

any integral of XHI , . . .  , XH~ is invariant under ~'Yh, it is also in paramelrized 

normal form. Hence the assertion (ii) is proved. To prove Theorem 5.6 of [5], 

we involved a typical small divisor problem when proving the convergence of 

a formal change of symplectic coordinates. But we overcame the difficulty by 

using the existence of additional integrals G I , . . .  ,G,,, (see [4, 5]). Condition 

(4.3) plays an essential role in the proof of the theorem and also in the proof of 

other assertions in Theorem 2. 

�9 Finally we will prove Proposition 3. 

Assume that Gi(v, f) are holomorphic in Vh • ~, Vh and E being a neigh- 

bourhood of v : h E C k and that of f = 0 E C 2'n respectively. Condition [C.3] 

implies that 
rank ( a ( G t ' "  .. ,Gin) / = " "  

on an open and dense subset of Vh x E. This does not necessarily imply the 

same condition with Gi replaced by their lowest order parts G ~ However we can 

prove the following 

Lemma  1. ([5, Lemma  5.8].) Let Gi(v,s') (i = 1 , . . .  ,m)  be convergent 

power series at f = 0 whose coefficients are holomorphic functions of  v in 

a neighbourhood Vh o f v  = h. Assume that v l , . . .  ,vk and G 1 , . . .  ,G,n are 

functionally independent. Then there exist rn(= n - k) functions G1,. . . , G,~ 

which are polynomials of  G1, . . . ,Gm with coefficients holomorphic in v such 

that G~ f) satisfy the condition 

( 0(0~ "" " 'G~ (4.4) 
rank ~, a--~l, . . ' . ,  f2,n) = m 

on an open and dense subset of  Vh • C 2'n . 

In the above, we take the neighbourhood Vh in the assumption to be suffi- 

ciently small. Otherwise the Vh in (4.4) has to be replaced by a neighbourhood 

smaller than Vh. 

The condition (4.4) implies the existence of an open and dense subset Vh of 
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V), such that (~~ f) are functionally independent functions of f for any v E l~h 

fixed. Namely condition [C.4] follows. Moreover by their construction, we can 

write Gi = P / (G1 , . . .  , G,,)) , /~ being polynomials of the form 

P, Cz l , . . .  = C4.5) 
ot 

by using multi-index notation. Here ci,,,(v) are holomorphic functions of v E Vh. 

If we replace v in (4.5) by H, then Gi = /~ (G1 , . . .  ,Grn) is defined in a 

neighbourhood of {Pu }v h. Consequently holomorphic functions H I , . . ,  , Hk and 

G I , . . . ,  G,,, satisfy condition [C.1] also. This completes the proof of Proposition 

3. [] 

5. Proof of Theorem 3 

In what follows, we will abbreviate the 'Birkhoff normal form' as 'normal form'. 

First we will prove the assertion (i). In a neighbourhood of Ph, let us take 

a system of symplectic coordinates (u, v, ~, r/) established in Theorem 2. Our 

purpose is to show that the linear map f '  = fo(f)  satisfies (3.7) in this coordinate 

system. Notice that Gi(v , . )  are invariant under any mapping f E p(~rl(rv,p,~)). 

It implies that the lowest order parts G O := G O (v,.)  are invariant under the linear 

map fo = D f (p,,). Namely we have the identity 

C~ fo = C ~ (5.1) 

From the relation (5.1), we can conclude the assertion (i) by using the 

argument by Ziglin [12] in the following way: First we set ~j = Vr'~e iOj, 

)lj = V/ '~  e-i~ Then G O = GO(v, .) being in normal form, it follows from 

(5.1) that 

aCG~ It) _ OG o 
j=l ~0~ (90 t -- (90e : 0 (s = 1 , . . .  ,m) ,  

where o~ = (r fo(f).  Since it follows from (4.3) that det  (aGO/ao~j) # 0 

for any point f in an open and dense subset of the neighbourhood of the origin, 

we can conclude that OoJ~/OOt -- O, which implies the functional dependence of 

w} and w l , . . .  ,(am. Therefore oJ[ can be written as 

= c ) .  
j= l  
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We note that the equation w~ = 0 defines a pair of planes. Introducing new 

variables qi = ~i + rli and Pi = ~ - rli, we have 

7'71, 

j = l  

In order that the equation w~ = 0 defines a pair of planes, the right-hand side has 

to be equal to (c~ii/4)(q~ - p~) for some j E {1 , . . .  ,m}.  This implies that 

' (5.2) w i = ceijwj. 

Moreover from the symplectic character of the linear map f0, it follows that 

a O, -- 1 or - 1 in (5.2) and hence we have the relations (3.7). This completes the 

proof of (i). 

Next we will prove the assertion (iii). By Theorem 2, the functions Gi = 

Gi(v,-)  are in normal form. The condition [C.2] implies that they satisfy con- 

dition (4.3) for any v fixed in a sufficiently small neighbourhood of h. Let 

f E p(~rl(Fv,p~)) and G~ ~ = G~~ functions defined by 

G} ~ := Gio fo (i = 1 , . . .  ,m) .  (5.3) 

Then G~ ~ are also in normal form because fo satisfies (3.7). To prove that the 

'nonlinear part' f is in normal form, we note the following lemma. 

L e m m a  2. Let f E Symp(C2~,0)  be of  the form 

/(0 = + o(1 1 d§ 

with a positive integer d. Then it can be written as 

f f f )  = ~ + J V W f f )  + O(l~l 2d+l) = e x p X w o ( f  + O(Ig'l 2d+1)) 

with 

W(~) = Wa+2,q,~... + W 2a+x, 

where W j are homogeneous polynomials in f o f  degree j .  

In the above, the notation O(]fl d) with a positive integer d denotes a (vector) 

function of f whose components are convergent power series in f containing only 
terms of order > d. 
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For the proof of Lemma 2, we refer to [[4], Lemma 2.7]. 

the transformation f can be expressed (at least formally) as 

= lim f(") ; fCv) = f l  ~ f~.o . - .o  fv 
. -"+ CX:) 

with 

fv(g') = e x p X w  ; W : W d+2 + " "  "[- W 2 d + l  (d = 2v-1). 

By this lemma, 

(5.4) 

Our purpose is to prove that each transformation fv is in normal form. To this 

end, let us first introduce, in addition to (5.3), the notation 

o}-I = O?lo:C,l. 

By the definition of f("), .f can be written as 

f(S') = f(")o (S" + O(l~']d+l)) ( d =  2";  y = 0 , 1 , . . . ) ,  

where we assume f(0) __ identity. From this relation, we have 

Gio f = G}~ 7 = G} ") + O(1~1" +a) (d = 2") ,  (5.5) 

where si are the degrees of the lowest order parts G O (as homogeneous polynomi- 

als in S'). Suppose that f(v) is in normal form. Recalling that G} ~ are in normal 

form, G} ") are also in normal form. Since f ,  can be written as (5.4), we have 

= 

= + + o ( Ic l ' ,  ca = 2- ) .  

Let us define an operator PN acting on the space of all power series by 

P , C  :-- ~ c~(v)e~ ,7"  for C = ~ c~(v) r  ~, 
Ot (X~  

where we used the multi-index notation. Since Gi = Gio f are in normal form, it 

follows from (5.5) with v replaced by u + 1 that G! "+1) are in normal form up to 
....,(v-I-15 . ,,,.,.r(v-I-1) __,..,~/I.Isi+2d'~ terms of order s / + 2 d -  1 with d : 2", i.e., ~ i  : rN~i  -*-~tlSl 1" 

Since PNG} ~) = G} ") and PN{G}"),W} = 0, this implies that 

= 

We set Gi := G} ") for convenience of notation. Then, by comparing the homo- 

geneous parts of degree s, + s (s = d , . . .  , 2d - 1) in the equations above, each 

homogeneous polynomial W l+~ satisfies the system of rn equations 
m ~ 0  l - d  

oa~n .w ,+~  F[; Fi e := - ~--~{G~,W ̀ +2-"} ( i =  1,. ,rn),  
i =  1 OW/ ~ 1 " "  = U =1 "" 
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where D iW e'+2 : :  {coi,W e+z} and G~ (~u = 0, 1 , . . .  ) are homogeneous parts 

of degree si +/~ in the power series expansion of Gi in ~-. We note that Fi a = 0 

in the above. By the relation (5.1), the lowest order parts of Gi = G~ ~') and Gi 

are the same, i.e., G ~ = G ~ Therefore it follows from condition (4.3) that 

Di Wd+2 - 0 (j  = 1, . . .  ,m).  

This implies that W a+2 is in normal form. Hence we can see that F a+l  ___ 0 and 

can prove inductively that w a + a , . . . ,  W 2a+1 are in normal form. Therefore the 

transformation f~,+l is in normal form and hence f(v+l) = f(V)o fv+l is also in 

normal form. It can be written as 

2 v + l + l  

f(v+l)(f)  = e x p X w  ; W = ~ We(f),  
l=3 

where W e are homogeneous polynomials in f of degree g and they are in normal 

form. Therefore, by induction it turns out that the transformation f is in normal 

form up to terms of arbitrary order, that is, f is in normal form. This completes 

the proof of (iii). 

The assertion (ii) follows from (iii). In fact, from the assertion (i) it turns out 

that for G = G(v, .) the function G' := Go f0 is in normal form and furthermore 

Go f = G'o f = G' because of the assertion (iii). Since G is an integral of 

f E P( ~h(F~,P~) ), we conclude that G = G'. Hence it turns out that G is 

invariant under the transformation fo. This completes the proof of the assertion 

(ii). [] 

References 

1. Abraham, R., Marsden, J.E. "Foundations of Mechanics" 2nd ed., Reading, Massachus- 
etts: Benjamin/Cummings, 1978 

2. Churchill, R.C. and Rod, D.L., Geometrical aspects ofZiglin's non-integrability theorem 
for complex Hamiltonian systems, J. Differential Equations 76 (1988), 91-114. 

3. Ito, H., A criterion for non-integrability of Hamiltonian systems with nonhomogeneous 
potentials, J. Applied Math. and Phys. 38 (1987), 459--476. 

4. , Convergence of Birkhoff normal forms for integrable systems, Comment. Math. 
HeN. 64 (1989), 412-461. 

5. , Action-angle coordinates at singMarities for analytic integrable systems, preprint 
1989 (to appear in Math. Z.) 



120 HIDEKAZU r io  

6. Kozlov, V.V., Integrability and non-integrability in Hamiltonian mechanics, Russian 
Math. Surveys, 38 (1983), 1-76. 

7. Rod, R.L. and Churchill, R.C., On the applicability of Ziglin's non-integrability theorem, 
in: the Proceedings of the Workshop on Finite Dimensional Integrable Nonlinear Dynam- 
ical Systems, Johannesburg 1988, ed., P.G.L. Leach and W.H. Steeb, World Scientific, 
Singapore, (1988), 94-109. 

8. Tabor, M., On the analytic structure of dynamical systems: Painlevd revisted, in: Clas- 
sical and Quantum Models and Arithmetic Problems, ed. Chudnovsky, D.V. and Chud- 
novsky, G.V., Lee. notes in pure and applied maths. 92 Marcel Dekker, Inc., New 
York/Basel (1984), 401--443. 

9. Yoshida, H., A criterion for the non.existence of an additional integral in Hamiltonian 
systems with a homogeneous potential, Physica 291) (1987), 128-142. 

10. , Non-imegrability of the truncated Toda lattice Hamiltonian at any order, Com- 
mun. Math. Phys., 116 (1988), 529-538. 

11. , Ziglin analysis for proving non-integrability of Hamiltonian Systems, in: the 
same proceedings as in [7], World Scientific, Singapore, (1988), 74-93. 

12. Ziglin, S.L., Branching of solutions and nonexistence of ftrst integrals in Hamiltonian 
mechanics L Functional Anal. Appl. 16 (1983), 181-189. 

13. , Branching of solutions and nonexistence of j~rst integrals in Hamiltonian me- 
chanics II, Functional Anal. Appl. 17 (1983), 6-17. 

Hidekazu Ito 
Mathematical Institute 
Tthoku University 
Sendal, 980, Japarl 


